Abstract. In this paper, the degenerate kernel method is used to obtain the solution of the system of integral equation. The problem of two layers is formulated, when a horizontal fluid layer overlying a porous layer in the presence of uniform vertical magnetic field and solute on both layers. Flow in porous medium is assumed to be governed by Darcy's law, where as the flow in the fluid layer is governed by Navier-Stokes equation. Under certain conditions, the problem is transformed to a linear system of differential equations. Then, using integration method, we have a linear system of Fredholm integral equations of the second kind, where it's solutions will be discussed.
Introduction
Many different methods are used to discuss stability of the solution of different problems in one and two layers of fluid dynamics, see Payne and Stranghan (1998) and . The use of spectral series in the analysis of eigenvalue problems can probably be attributed to Lanczos(1954) . Orszag's (1970) treated the Orr-Sommerfeld equation, using Chebyshev polynomials. The first attempt to use spectral Galerkin methods in the numerical solution of partial differential equations has been attributed to Silberman(1954) . Orszag and Kells (1980) and Eliasen et al. (1970) have shown that spectral Galerkin methods are practical for high resolution calculations for differential systems involving quadratic nonlinearities but are impractical for more complicated nonlinearities. The application of spectral methods to a variety of subject areas is described by Haltener and Williams (1980) , Gottlieb and Orszag(1977) , Gottlieb(1985) , Deville(1984) , Jarraud and Baede(1985) , Pillotsis et al.(1987) , Canuto et al. (1988) , and Slavtchev et al. (1998) . For the reader, we note that, finite intervals, Chebyshev and Legendre polynomials have a similar quality of spectral performance although Chebyshev polynomials are much easier to use in practice not to mention the abvious connection between Chebyshev spectral series and fast Fourier transform. In this paper we obtain a linear system of differential equations. By using a method of integration the system of differential equations is transformed to an equivalent system of integral equations. The existence and uniqueness solution of system of integral equations are discussed. and, using a degenerate kernel method, the linear system of integral equations is transformed to a linear algebraic system. Then, the algebraic system is solved numerically .
Mathematical Formulation of the Problem
Consider the problem of two horizontal layers L 1 and L 2 such that the bottom of the layer L 1 touches the top of the layer L 2 . A right handed system of Cartesian Coordinates (x i , i = 1, 2, 3) is chosen so that the interface is the plan x 3 = 0 , the top boundary of L 1 is x 3 = d f + F (t, x α ) , and the lower boundary of L 2 is x 3 = −d m (figure 1) suppose that the upper layer L 1 is filled with an incompressible thermally and electrically conducting viscous fluid consisting of melted solute which flow in it and is governed by NavierStokes equations, where as the lower layer is occupied by a porous medium permeated by the fluid which flow in it and is governed by Darcy's law and is subjected to a uniform vertical magnetic field. Gravity g acts in the negative direction of x 3 , the heated and solutal from below. Convection is driven by temperature dependence of the fluid density and soluting, and damped by viscosity. The Oberbeck-Boussineq approximation is used as density of the fluid is constant every where except in the body force term where the density is linearly proportional to temperature and solute concentration.
where T denote the Kelvin temperature of the fluid, S is the solute concentration, ρ 0 is density of the fluid at T 0 and S 0 , α (constant) be the thermal coefficient of volume expansion of the fluid and α ′ (constant) be the soluting coefficient of volume expansion of the fluid.
Furthermore, incompressibility of the fluid and the non-existence of magnetic monopoles require that V and B are both solenodal vectors. Hence
Suppose also that the magnetization in the fluid is directly proportional to the applied field that the fluid behaves like an Ohmic conductor so that the magnetic field H , magnetic induction B , current density J and electric field E are connected by the constitutive relations
and the Maxwell equations
where µ m ( constant ) is the magnetic permeability , σ is the electrical conductivity and the displacement current has been neglected in the second of these Maxwell equations as is customary in situations when free charge is instantaneously dispersed.
On taking the curl of equation (4) and replacing the electric field by the Maxwell relation (5) , the magnetic field H is now readily seen to satisfy the partial differential equation
where η =
4πσµm
is the electrical resistivity . In addition, the constant nature of µ m makes the magnetic field H a solenoidal vector . Equation (7) is now reworked using standard vector identities to yield in sequence ∂H ∂t
equation (8) describes the temporal evolution of magnetic field. Moreover , the relations (3)(4)(5)(6) can be used to recast the Lorentz force J × B into
leading to the notion that the Lorentz force is derived from a magnetic stress tensor σ
. In view of the fact that
so the governing equations of the fluid layer are
and the governing equations of the porous medium layer are
where are the electrical resistvity of the fluid and the porous layer respectively,V f , V m are the solenoidal and seepage velocity respectively,T f , T m are the Kelvin temperature of the fluid and porous medium layer respectively,S f , S m are solute concentration of the fluid and porous medium layer respectively,M f , M m are the mass diffusivity of the fluid and porous medium layer respectively,µ mf , µ mm are magnetic permeability of fluid and porous layer respectively,K f , K m are the thermal conductivity of fluid and porous layer respectively, µ is the dynamic viscosity, K is the permeability , φ is the porosity and (ρc p ) f , (ρc) m are the heat and overall heat capacity per unit volume of the fluid and porous medium layers at constant pressure . In fact
where (ρc p ) m is the heat capacity per unit volume of the porous substrate .
The Boundary Conditions
For the upper boundary we shall suppose
where t is the time with unit normal n = n i e i directed from the viscous fluid into the passive inviscid fluid . So the boundary conditions come from following sources . General radiation conditions the heat and mass transfer
where L and C constants . Material surface particles of the fluid remain on the surface at
this leads to the condition 
where v is kinematics viscosity. At the interface x 3 = 0 we have
where ω f and ω m are the normal axial velocity components of the fluid in fluid layer and porous medium layer respectively,u f , v f are the limiting tangential component of the fluid velocity as the interface is approached from the fluid layer L 1 , whereas u m , v m are the same limiting components of tangential fluid velocity as the interface is approached from the porous layer L 2 , the last two boundary conditions in (23), discontinuities in shear velocity across the interface are inherent, also they calls Beavers and Joseph (1967 
be continuous. At equilibrium case
The boundary condition in the exterior are
and the interface conditions
are the equilibrium of temperature field, solute concentration, hydrostatic pressure and magnetic field in the fluid layer and porous medium layer respectively, where
(28) where the interfacial temperature T 0 and solute concentration S 0 are determined by the continuity of heat flux and solute flux respectively and take the values
The Perturbation Equations
Suppose that the equilibrium solution be perturbed by following linear perturbation quantities
Then we may verify that the Linearized version of equations (10)(11)(12)(13) are
and equations (14)(15)(16)(17) are
where e 3 is the unit vector the
The boundary conditions , on the upper boundary
The conditions (18)(19)(20) become
where N u ,N u s are Nusselt numbers
The surface stress conditions (21)(22), the normal component and the tangential surface stress are
In (41)(42) it is assumed that the derivative of the surface tension with respect to temperature and concentration are evaluated at
whereas the boundary conditions on the interface x 3 = 0 are
and the boundary conditions on the lower boundary
The Non-Dimensional Equations
We now non-dimensionalize the equations (30-33) and (34-37) by using the relations
For the fluid layer, and using the relations
For the porous medium layer. Where
are the thermal diffusivity of the fluid layer and porous medium layer respectively . The equations (30-33) can be written in the form
1
where 
the equations (34-37) can be written in the form
where G m = 
Using (45),(46) in the upper boundary at
lim
Cr
The middle boundary at x 3 = 0
The lower boundary at x 3 = −1 the condition becomê
where ϕ l is the non-dimensional magnetic potential function
The Linearized Problem
The linearized of equations is obtained by ignoring all products, the powers more than first and by dropping hat the superscript ( ∧ ) for fluid layer the resulting
1 
where
when heating from below, −1 when heating from above,
when soluting from below, −1 when soluting from above.
The boundary conditions on the lower boundary x 3 = −1 are unchanged except to clear superscript, but the linearized upper boundary conditions
To simplize the normal stress boundary condition on the interface plane we will eliminate hydrostatic pressure term , then by taking tow-dimensional Laplacian of (61) 6 we obtain
Then we take the divergence of equation (63) , (67) we get respectively
substitute from (74),(73) into (71) to get
(75) Combine the Beavers and Joseph boundary conditions on the interface plane (61) 9 , (61) 10 by differentiate equations (61) 9 , (61) 10 with respect to x 1 and x 2 respectively , we get
by adding (76)to (77) and using (72) we get
Recall that the magnetic field on insulating material is irrotational and is derived from a potential function ϕ(t, x i ) which is the solution of Laplace's equation
where a = √ p 2 + q 2 the dimensionless wave number . trivially ϕ l and ϕ u have functional form , a) and continuity of the magnetic induction a cross x 3 = −1 requires that
With a similar argument on x 3 = 1 + f (t, x α ). Hence the magnetic boundary conditions are
We put ω = v 3 , h = h 3 and take double curl of the equations (63), (67) to eliminate hydrostatic pressure p f , p m respectively , and we take the third component for all equations of the system. Therefore, for the fluid layer, we get
Also for the porous medium layer , we obtain
where ∇ 2 is the 3-D Laplacian and ∆ 2 is the 2-D Laplacian Now we look for solution of the form
Thus the equation of fluid layer become
while the porous medium equations take the form
from these equations
where a f , a m are non-dimensional wave number in the fluid layer and porous medium layer respectively , σ f , σ m is growth rates . As a preamble to the formulation of the final boundary conditions on x 3 = 0 , the pressure everywhere is given by the equation
hence the boundary conditions on x 3 = 1 are
The middle boundary on x 3 = 0 , become
The lower boundary on x 3 = −1 , become
Differential Equations and Integral Equations
Let the variables y 1 , y 2 , . . . , y 18 be defined by
Then the equations (79-86) can be rewritten in a system of eighteen ordinary differential equations of first order. 
since
σ. First to make the boundary condition on x 3 = 1 four condition. Its convenient to neglecting f 0 and neglecting normal stress upper boundary. All boundary condition take the form 
Integration equations (95) end using boundary conditions (96), we get
The previous formulas are satisfied for x < t. while for x > t, we have
Here, in (97) and (98), we use the following notations
The kernels of the integral equations (97) and (98) are given by
The linear system of Fredholm integral equations (97) and (98) can be written in the form
Where k(x, t) , f (x) are called the kernel and the known function of the integral equation, respectively, while Y (x) is the unknown function and the parameter λ , may be complex, has many physical meaning. The kernel
, Which satisfies the boundedness condition
System of Linear Algebraic Equations
In this section, we use a degenerate kernel method to obtain a system of linear algebraic equation. and we assume
where, a i , b i are continuous independent functions using (101) in (99), we have
Then, the formula (99) yields 
Then, equation (105), yields
The formula (108) represents a system of n linear non-homogeneous algebraic equations in n unknown d 1 , d 2 , . . . , d n . Therefore, the solution of Fredholm integral equation (99) with degenerate kernel method reduces to finding the solution of the system of n algebraic equations (108) in n unknown
The system of n linear equations(108) can be written in the form 
We know from the theory of nonhomogeneous linear algebra, that if Det ( I −λA ) ̸ = 0, the system (109)has a unique solution, which can be obtained by Cramer's rule. Therefore the solution of the integral equation (99) with degenerate kernel is the function Y (x) given by (104) . If Det ( I − λA ) = 0 the system (109) has either no solution or infinitely many solutions. In this aim, the linear integral equation (97),(98) can be written in the following form.We know from the theory of nonhomogeneous linear algebra, that if , the system (109)has a unique solution, which can be obtained by Cramer's rule. Therefore the solution of the integral equation (99) 
i − α 
